We define Strebel differentials for stable complex curves, prove the existence and uniqueness theorem that generalizes Strebel's theorem for smooth curves, and show how this construction can be applied to clarify a delicate point in Kontsevich's proof of Witten's conjecture.
Introduction
The main motivation of this note is to clarify a delicate point in Kontsevich's proof of the Witten conjecture [2] . It concerns the extension of the notion of Strebel differentials to stable complex curves. The treatment of this question given by Kontsevich is, although formally correct, so brief that it is probably impossible to understand it directly.
This note can also be useful for a reader more interested in Strebel differentials than in Witten's conjecture. The relation with Kontsevich's proof is explained in Subsection 2.2 and in Section 3. The rest of the note can be read independently.
In Section 1 we review Strebel's results from [3] that we will need. We also discuss what properties a Strebel differential on a stable curve should possess.
We assume that the notion of moduli space M g,n of Riemann surfaces of genus g with n marked and numbered points is known, as well as the notion of a stable curve and the Deligne-Mumford compactification M g,n of the moduli space. (Otherwise it would take too much space to introduce them.) We also use the standard notation L i for the line bundle over M g,n whose bundle is the cotangent line to the stable curve at the ith marked point.
In Section 2 we define Strebel differentials on stable curves and prove they can be obtained as limits of usual Strebel differentials on smooth curves.
In Section 3 we explain why Witten's conjecture is true on a wide class of compactifications of M g,n and not only on the Deligne-Mumford compactification.
Strebel's theorem 2.1 The case of smooth curves: a review
Let Σ be a Riemann surface. An abelian differential on Σ is a meromorphic section of its cotangent bundle. In a local coordinate z it can be written as f (z)dz, where f is a meromorphic function. A quadratic differential is a meromorphic section of the tensor square of the cotangent bundle. In a local coordinate z it can be written as f (z)dz 2 . Let ϕ be a quadratic differential and z 0 ∈ Σ a point that is neither a pole nor a zero of ϕ. Then ϕ has a square root in the neighborhood of z 0 : it is an abelian differential α, unique up to a sign, such that α 2 = ϕ. The integral z z 0 α is a biholomorphic mapping from a neighborhood of z 0 in Σ to a neighborhood of 0 in C. The preimages of the horizontal (vertical) lines in C under this mapping are called horizontal (vertical) trajectories of the quadratic differential ϕ. Because α is defined up to a sign these trajectories do not have a natural orientation. If z 0 is a double pole, then in the neighborhood of z 0 the quadratic differential ϕ has an expansion ϕ = a dz
The complex number a is called the residue of the double pole and does not depend on the choice of the coordinate. By a local analysis it is easy to see that if z 0 is a d-tuple zero of ϕ, then there are d + 2 horizontal trajectories issuing from z 0 . Further, if z 0 is a simple pole, then there is a unique horizontal trajectory issuing from z 0 . Finally, if z 0 is a double pole whose residue is a negative real number −a, then z 0 is surrounded by closed horizontal trajectories (see Figure 3 (b) ). These trajectories, together with z 0 , form a topological open disc in Σ. In the metric |ϕ| all these trajectories have the same length 2π √ a. We leave it to the reader to analyse the case of double poles with positive real and nonreal residues, as well as the case of poles of order greater than 2.
Now we are ready to formulate Strebel's theorem. Let Σ be a connected Riemann surface without boundary with n ≥ 1 distinct marked and numbered points z 1 , . . . , z n . Σ is not necessarily compact, but is supposed to be of finite type (i.e., the space H 1 (Σ, R) is finitedimensional). For example, Σ can be a ring, a punctured disc, or a surface of genus 2 with a hole, but not a plane with an infinite number of holes. Moreover, we exclude the case Σ = CP 1 , n = 1 or 2. In his book on quadratic differentials Strebel proves the following theorem ( [3] , Theorem 23.5). 
Indeed, given a direction u ∈ ST i , there is a unique vertical trajectory of ϕ issued from z i in the direction u. This trajectory meets the polygon B i at a unique point, and this point will be identified with u. Thus Strebel's theorem allows us to define n polygonal bundles B i over M g,n and these bundles can be identified with the circle bundles ST i assigned to the line bundles L * i . (Recall that the fiber of the bundle L i is the cotangent line to Σ at z i .)
We are going to show that these polygonal bundles can be extended to the Deligne-Mumford compactification M g,n so that the identification above is preserved.
The relation to Witten's conjecture
Here we briefly explain why such an extension preserving the identification of the polygons with the spherization of the tangent bundles is crucial to justify Kontsevich's computations of the Chern classes c 1 ( L i ).
Indeed, once the identification is established, we need to compute the first Chern classes of the bundles B i . Choosing a point in the fiber of the bundle B i is equivalent to marking a point on the polygon B i .
Strebel's theorem allows one to divide the moduli space M g,n × R n + into cells: two Riemann surfaces endowed with perimeters (Σ; p 1 , . . . , p n ) and (Σ ′ ; p ′ 1 , . . . , p ′ n ) belong to the same cell if the nonclosed horizontal trajectories of the corresponding Strebel differentials form isomorphic embedded graphs (without taking into account the lengths of the edges). The dimension of such a cell equals the number of edges of the graph.
Kontsevich constructs an explicit 1-form β i on the global space of the bundle B i over each cell. This 1-form satisfies the following properties.
(i) The form β i is expressed in terms of the lengths of edges of the polygon B i and the distances from the vertices of the polygon to the marked point.
(ii) The integral of β i over any fiber of B i equals 1.
(iii) The form β i is smooth over each cell.
(iv) The form β i is compatible for two adjacent cells in the following sense: if a family v t of vectors tangent to B i over the larger cell tends to a vector v 0 tangent to B i over the smaller cell, then β i (v t ) tends to β i (v 0 ).
(v) The 2-from dβ i is the lifting of a (piece-wise smooth) 2-form from the base M g,n × R n + . One can check that these properties allow us to claim that dβ i represents c 1 ( L i ) over M g,n × R n + . But to extend this to the Deligne-Mumford compactification M g,n × R n + we need to know that the bundle B i can be extended to M g,n (otherwise β i is not well-defined) and that the identification
Two examples
To extend the bundles B i over M g,n , we need to extend to stable curves the notion of a differential and of a quadratic differential. The construction is carried out in the next section. Here we just give 2 examples, without any proofs.
Example 3 Consider the case of a torus with one marked point that degenerates into a sphere with one marked point and two identified points (see Figure 1 ; the marked point is represented as a black dot). Fix a positive real number p. On every torus there exists a unique Strebel differential with residue −(p/2π) 2 at the marked point. It determines a 1-faced embedded graph composed of the nonclosed horizontal trajectories. This graph is either a 6-gon whose opposite edges are glued together, or a 4-gon whose opposite edges are glued together. In the figure we represented a 6-gon. Now, when the torus degenerates into a sphere, the lengths of the edges l 1 and l 2 tend to 0. Thus, on the sphere we obtain a graph with only one edge of length l 3 = p/2. This edge joins the two identified points. If we put the identified points at 0 and ∞, and the marked point at 1, then the limit Strebel differential on the sphere equals
It has simple poles at the identified points 0 and ∞.
Example 4 Now consider a sphere with four marked points that degenerates into a reducible curve consisting of two spherical components intersecting at 2 at the marked points z i . This differential determines a 4-faced graph on CP 1 . As the curve approaches the degeneration described above, this graph necessarily becomes of a particular form. Namely, it will contain a cycle formed by several edges, that separates the marked points z 1 and z 2 from the marked points z 3 and z 4 . In other words, the faces number 1 and 2 become adjacent as well as the faces 3 and 4. When the curve degenerates, the lengths of all the edges in the above cycle tend to 0.
On the first component we obtain a graph with 2 vertices. The vertex at the nodal point has degree 1, the second vertex has degree 3. The corresponding quadratic differential has a simple pole at the nodal point and a simple zero at the other vertex (and, of course, double poles at the marked points).
On the second component we obtain a graph with a unique vertex of degree 2 at the nodal point. The corresponding quadratic differential does not have zeros or poles (except the double poles at the marked points).
Abelian differentials
Definition 5 Let Σ be a stable curve with n marked points z i . An abelian differential α on Σ is a meromorphic differential defined on each component of Σ and satisfying the following properties. (i) It has at most simple poles at the marked points and at the nodal points, but no other poles.
(ii) For each nodal point, the sum of the residues of the poles of α for the two components meeting at this point vanishes.
One can readily check that the abelian differentials form a vector space W of dimension g + n − 1 (if n ≥ 1) for any stable curve of arithmetic genus g, whether it is smooth or not.
Indeed, consider a stable curve with several irreducible components S i . Suppose S i is of genus g i , has n i marked points and m i nodal points. Then we have
Now, according to the Riemann-Roch theorem, the dimension of the space of sections of a line bundle with first Chern class c, such that at most simple poles are allowed at k fixed points, is equal to c + k + 1 − g, whenever c + k ≥ 2g − 1. In our case, on S i , c = 2g i − 2 (the first Chern class of the cotangent line bundle) and k = n i + m i . Thus the dimension of the space of sections equals g i + n i + m i − 1. Adding these numbers for all the irreducible components S i and subtracting the total number 1 2 m i of nodal points (because each nodal point gives a linear relation on the residues) we obtain g + n − 1.
Because the dimensions of the spaces W are the same, these spaces form a holomorphic vector bundle on the space M g,n . This follows immediately from algebro-geometric arguments. Indeed, denote by C n,g the universal curve over M n,g . Then the abelian differentials form a sheaf on C n,g . It is called the relative dualizing sheaf and is the sheaf of sections of a line bundle (the relative cotangent line bundle) on C n,g . (See, for example, [1] , Chapter III, Theorem 7.11, where it is proved that the dualizing sheaf is the sheaf of sections of a line bundle for any algebraic variety that is locally a complete intersection, and an explicit construction of the sheaf is given.) The direct image of the relative dualizing sheaf on M g,n has the property that the dimensions of its fibers are the same. Therefore the direct image is itself the sheaf of sections of a vector bundle (see [1] , Exercise 5.8).
The fact that the spaces W form a holomorphic vector bundle can also be understood more intuitively. The space of pairs (Σ, α), where Σ is a stable curve and α an abelian differential on it, can be given a complex structure in the following way. For any pair (Σ, α), one can calculate the integral of α over any closed loop, that does not contain marked or nodal points. The complex structure is introduced by requiring that these integrals be meromorphic functions on the space of pairs (Σ, α). (The poles of these integrals can arise in the following way. Consider a torus whose meridian is contracted, so that it degenerates into a sphere with two identified points. Then the integral of an abelian differential over the parallel can tend to ∞.)
Quadratic differentials
Now we repeat the above construction for quadratic differentials.
Definition 6 Let Σ be a stable curve with n marked points z i . An quadratic differential ϕ on Σ is a meromorphic quadratic differential defined on each component of Σ and satisfying the following properties. (i) It has at most double poles at the marked points and at the nodal points, but no other poles. (ii) For each nodal point, the residues of the poles of ϕ for the two components meeting at this point are equal.
Remark 7
The residue of a quadratic differential at a pole of order at most 2 is equal to the coefficient of dz 2 /z 2 (for any local coordinate z). If the order of the pole is actually less than 2, we let the residue be equal to 0.
As above, the dimension of the space V of quadratic differentials is the same for any stable curve Σ and equals 3g − 3 + 2n.
Indeed, if S i is an irreducible component of Σ, that has genus g i and contains n i marked points and m i nodal points, then the dimension of the space of quadratic differentials on it is 3g i − 3 + 2n i + 2m i . Adding these numbers for all the components and subtracting the total number 1 2 m i of the nodal points (because each nodal point gives a linear relation on the residues), we obtain 3g − 3 + 2n.
Since the dimensions of the spaces V are the same, they form a holomorphic vector bundle over M g,n . This follows from the same arguments as for the abelian differentials. The quadratic differentials form a sheaf on the universal curve C n,g : the sheaf of sections of the tensor square of the relative cotangent line bundle. The direct image of this sheaf on M g,n has the property that all its fibers are of the same dimension. Therefore it is a sheaf of sections of a holomorphic vector bundle.
Strebel differentials
Among the quadratic differentials, Strebel's theorem singles out differentials with particular properties: the Strebel differentials. We are going to study the limits of Strebel differentials, as Σ tends to a stable curve. The result is given in the following definition.
Let Σ be a stable curve with n marked points. Suppose we are give n positive real numbers p 1 , . . . , p n . 
Remark 9
It is important to puncture each component S at the nodal points, because the disc domains D i , by definition, cannot contain punctured points, and therefore end when they meet a puncture.
Remark 10 Strebel differentials have at most simple poles at the nodal points (unlike generic quadratic differentials, that have double poles). Therefore the condition that the residues of the poles on the two components meeting at a nodal point must be equal is automatically satisfied, since both residues vanish.
Remark 11 It follows from Strebel's theorem, that (once the positive numbers p 1 , . . . , p n are given) there exists a unique Strebel differential ϕ on any stable curve Σ. Its restriction on each component S is the Strebel differential for this component with punctures at the nodal points (except if S does not contain marked points, in which case the restriction vanishes). Indeed, it is easy to see, that when we put the punctures back on the component S, the corresponding Strebel differential will have at most simple poles at these points.
As for smooth compact Riemann surfaces, the nonclosed horizontal trajectories of a Strebel differential on a stable curve form a graph, embedded into the stable curve. More precisely, it is embedded into the union of the components of the stable curve that contain at least one marked point. The vertices of the graph are of degree ≥ 3, except for the vertices that lie at the nodal points and can have any degree ≥ 1. Its edges have natural lengths (measured, as before, by |ϕ|. Its faces are in a one-to-one correspondence with the marked points, and the perimeter of the ith face equals p i . As before, if we denote by B i the ith face of the graph, by T i the line tangent to z i , and by ST i = (T i − {0})/R + its spherization, we have a canonical identification
Now let us fix the positive numbers p 1 , . . . , p n and consider a family of smooth Riemann surfaces Σ t with n marked points, that tends to a stable curve Σ 0 as t tends to 0. Theorem 12 In the vector bundle V of quadratic differentials, the Strebel differentials ϕ t with parameters p i on Σ t tend to the Strebel differential ϕ 0 with parameters p i on Σ 0 .
Proof. First of all, the family of quadratic differentials ϕ t is bounded, therefore it has at least one limit point ϕ 0 . We will prove that ϕ 0 = ϕ 0 , which implies that the limit point is unique and is therefore a true limit.
Consider a nodal point z of Σ 0 and let us prove that the poles of ϕ at z are not double, as for a generic quadratic differential, but at most simple (on both components meeting at z). Suppose that this is not true, and both poles of ϕ 0 are double (and have the same residue, as is always the case for quadratic differentials). Then the common residue is necessarily a negative real number. Indeed, otherwise a neighborhood of z of nonzero area entirely consists of nonclosed horizontal trajectories (see Figure 3a) . But this is impossible, because for t = 0, the area covered by nonclosed horizontal trajectories is always equal to 0. If the common residue is a negative real number, then the point z is surrounded (on both components) by concentric closed horizontal trajectories (Figure 3b ). Since the curve Σ is stable, these concentric trajectories cannot have arisen from a disc domain on Σ t , because in that case, one of the components of Σ would have been a sphere that contains a unique marked point (Figure 4) . Therefore the concentric trajectories necessarily come from a cylindric domain ( Figure 5 ). But this is, again, impossible, because the ϕ t do not have cylindric domains.
Thus ϕ 0 cannot have double poles at nodal points. Now consider a component S of Σ 0 that does not contain marked points. Let us prove that ϕ 0 on Σ 0 equals 0. Indeed, otherwise the area of S measured with ϕ 0 would be positive. But this, as we have already seen, is impossible, Figure 4 : Double poles at a nodal point cannot arise from a disc domain because it would mean that the curve Σ 0 is not stable. because for t = 0 the part of Σ t that does not belong to the disc domains D i has a zero area. And, of course, no point of S is covered by a disc domain, because S contains no marked points.
Finally, consider a component S that contains at least one marked point. The restriction of ϕ 0 to this component does not vanish (because it has poles with prescribed residues at the marked points). It has double poles with residues −(p i /2π) 2 at the marked points and, as we have just seen, at most simple poles at the nodal points. Finally, the area of all the nonclosed horizontal trajectories on S is equal to 0. Therefore (by Strebel's theorem) ϕ 0 is the unique Strebel differential on S − {nodal points} with parameters p i .
And thus ϕ 0 = ϕ 0 . This completes the proof.
Remark 13 It is also intersting to see what happens to the graph determined by the Strebel differential when a smooth curve Σ with n marked points tends to a nonsmooth stable curve. Recall that the graph is composed of nonclosed trajectories of the Strebel differential and its edges are endowed with lengths. One can easily see that there is at least one cycle formed by the edges, whose total length tends to 0 as Σ approaches a nonsmooth curve. Such a cycle cannot be constituted by one of the faces of the graph, because the perimeter of each face is fixed. However it can be a cycle contractible in Σ and surrounding 2 or more faces. In that case, the edges that separate the faces in question will grow in length and take into themselves the whole perimeters of the faces. After this cycle is contracted the surrounded marked points will be situated on a separate spherical component. Alternatively, the cycle can be homologically nontrivial in Σ, in which case, after the cycle is contracted, Σ will remain an irreducible (but singular) curve.
In this section DM will denote the Deligne-Mumford compactification of M g,n . We momentarily give up the usual notation M g,n because other compactifications will be considered.
Definition 14
We call the Minimal Reasonable compactification of M g,n (denoted by MR) the Deligne-Mumford compactification DM factored by the following equivalence relation. Two points x, y ∈ DM are equivalent if the corresponding stable curves C x and C y give the same curve C when one contracts all their components that do not contain marked points.
For our goals it is enough to know that MR has the structure of a topological orbifold, although it can probably be given the structure of a singular algebraic variety (see below).
Note that we have constructed MR together with a projection DM → MR.
This projection contracts some subvarieties of DM of complex codimension at least 1. Therefore the fundamental homology class of DM is sent to the fundamental homology class of MR.
Proposition 15
The line bundles L i on DM are pull-backs of some line bundles on MR, that we will also denote by L i .
Proof. This is almost obvious. Indeed, if two curves C 1 and C 2 are equivalent in the sense of Definition 14, then the cotangent lines L i to marked points on both curves are naturally identified.
Proposition 16
The Witten conjecture is true for any compactification C of M g,n that can be projected on MR in such a way that the line bundles L i are obtained by pull-back from MR and the fundamental class of C is sent to the fundamental class of MR.
Proof. This is again obvious. Instead of calculating the intersection numbers on C we can calculate them on MR and pull them back on C.
Now we will formulate a conjecture that allows, if true, to endow the compactification MR with the structure of a singular algebraic variety. The union of these maps for all i gives a map
Conjecture 17 There exists a positive interger k such that for sufficiently large d divisible by k the image of the map f is homeomorphic to MR and f : DM → MR is the projection from DM to MR.
The integer k in the conjecture comes from the fact that DM is an orbifold and some line bundles over an orbifold do not have meromorphic sections. It can be eliminated if we allow multivalued sections and modify the mapping f accordingly.
According to M. Kontsevich this conjecture should be true and thus should give MR the structure of a singular algebraic variety.
